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LETTER TO THE EDITOR

Fourier–Gauss transforms of the Askey–Wilson
polynomials

N M Atakishiyev†
Instituto de Matematicas, UNAM, Apartado Postal 273-3, CP 62210 Cuernavaca, Morelos,
Mexico

Received 22 October 1997

Abstract. We discuss classical Fourier–Gauss integral transforms for a five-parameter family
of the Askey–Wilson polynomialspn(x; a, b, c, d|q).

The goal of the present paper is to study the Fourier–Gauss transformation properties of a
family of the five-parameter Askey–Wilson polynomials [1]

pn(x; a, b, c, d|q) : = a−n(ab, ac, ad; q)n4φ3

[
q−n, abcdqn−1, a eiθ , a e−iθ

ab, ac, ad,
; q, q

]
= a−n (ab, ac, ad; q)n

n∑
k=0

(q−n, abcdqn−1, a eiθ , a e−iθ ; q)k
(ab, ac, ad, q; q)k qk (1)

in the variablex = cosθ , 06 θ 6 π . Throughout this paper we will employ the standard
notations ofq-analysis [2, 3], in particular

(a; q)k =
k−1∏
j=0

(1− aqj ) (a1, . . . , an; q)k =
n∏
j=1

(aj ; q)k. (2)

The Askey–Wilson polynomials (1) are symmetric with respect to the four parameters
a, b, c, d and

pn(−x; a, b, c, d|q) = (−1)npn(x;−a,−b,−c,−d|q). (3)

For the values 0< |q| < 1 of the parameterq they are orthogonal over the finite interval
−16 x 6 1 with respect to the continuous measure

wAW(x; a, b, c, d|q)dx = 2q−1/8eq(q)ϑ1(θ, q
1/2)

∏
v=a,b,c,d

eq(v eiθ )eq(v e−iθ ) sinθ dθ (4)

whereϑ1(z, q) is the theta-function and theq-exponential functioneq(z) is given by

eq(z) :=
∞∑
n=0

zn

(q; q)n = (z; q)
−1
∞ . (5)

Later on it has become clear that the modular and periodic properties of the theta-function,
which enters the measure (4), allow one to introduce another continuous orthogonality
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relation for the Askey–Wilson polynomialspn(sinκs; a, b, c, d|q), q = exp(−2κ2), over
the full real line−∞ < s <∞. The Ramanujan-type measure with an infinite support

w(sinκs; a, b, c, d|q) d sinκs =
∏

v=a,b,c,d
eq(iv e−iκs) eq(−iv eiκs) e−s

2
cosκs ds (6)

thus obtained from (4) has an advantage in that it admits the transformationq → q−1 [4–6].
Once the Ramanujan-type continuous measure of orthogonality (6) was established, it

has been realized that the classical Fourier–Gauss transform might relate the Askey–Wilson
polynomials (1) with different values of the parameterq. This proved to be true first for the
q-Hermite polynomials [7], which are a particular case of the Askey–Wilson polynomials
pn(x; a, b, c, d|q) with vanishing parametersa, b, c, d. The corresponding Fourier–Gauss
transform has the form

1√
2π

∫ ∞
−∞

eisr−s2/rHn(sinκs|q) ds = inqn
2/4hn(sinhκr|q) e−r

2/2 (7)

where q = exp(−2κ2) and hn(x|q) := i−nHn(ix|q−1) are theq−1-Hermite polynomials
[8]. Then the bigq-Hermite polynomialsHn(x; a|q) := pn(x; a, 0, 0, 0|q) and Al-Salam–
Chihara polynomialspn(x; a, b) := pn(x; a, b,0, 0|q) have been shown to have simple
behaviour with respect to the classical Fourier–Gauss transform [9, 10].

The derivation of the Fourier–Gauss transforms in [9] and [10] is based upon combining
the integral transform (7) with the expansions (or connection coefficients formulae) for
the big q-Hermite and the Al-Salam–Chihara polynomials in terms of theq-Hermite
polynomials. It turns out that one can employ the same idea for the general case of
the Askey–Wilson polynomialspn(x; a, b, c, d|q) with non-zero values of the parameters
a, b, c, d.

We begin with the relation

pn(x; a, b, c, d|q) =
n∑
k=0

Cn,kpk(x; a, β, γ, δ|q) (8)

between the Askey–Wilson polynomials, which depend on two sets of the parameters
a, b, c, d anda, β, γ, δ. The connection coefficients in (8)

Cn,k = Cn,k(a, b, c, d; a, β, γ, δ|q):=qk(k−n)
[
n

k

]
q

ak−n
(ab, ac, ad; q)n(abcdqn−1; q)k
(ab, ac, ad, aβγ δqk−1; q)k

×5φ4

[
qk−n, abcdqn+k−1, aβqk, aγ qk, aδqk

aβγ δq2k, abqk, acqk, adqk
; q, q

]
(9)

where
[
n

k

]
q

is theq-binomial coefficient[
n

k

]
q

:= (q; q)n
(q; q)k (q; q)n−k (10)

have been derived in [1] by using the finite-interval orthogonality relation for the Askey–
Wilson polynomials (see [2]). The particular case of (8) withβ = γ = δ = 0 gives the
relation

pn(x; a, b, c, d|q) =
n∑
k=0

An,k(q)Hk(x; a|q) (11)
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between the Askey–Wilsonpn(x; a, b, c, d|q) and the big q-Hermite Hk(x; a|q)
polynomials. As follows from (9), the constantAn,k(q) in (11) is equal to

Ank(q) := Cn,k(a, b, c, d; a, 0, 0, 0|q)
= qk(k−n)

[
n

k

]
q

ak−n(abcdqn−1; q)k(abqk, acqk, adqk; q)n−k

×4φ3

[
qk−n, abcdqn+k−1, 0, 0
abqk, acqk, adqk

; q, q
]
. (12)

Note that the inverse expansion with respect to (11)

Hn(x; a|q) =
n∑
k=0

A−1
n,k(q)pk(x; a, b, c, d|q) (13)

is again a particular case of (9), but with the vanishing parametersb, c, d. The explicit
form of the constantA−1

n,k(q) is

A−1
n,k(q) := Cn,k(a, 0, 0, 0; a, b, c, d|q)

= qk(k−n)
[
n

k

]
q

ak−n

(abcdqk−1; q)k 4φ3

[
qk−n, abqk, acqk, adqk

abcdq2k, 0, 0
; q, q

]
. (14)

The next step is to combine the expansion (11) with the classical Fourier–Gauss
transform for the continuous bigq-Hermite polynomials, derived in [9]. It has two
alternative forms

1√
2π

∫ ∞
−∞

eisr−s2/2Hn(sinκs; a|q) ds =



inqn
2/4 e−r

2/2
n∑
k=0

q3k2/4−(n+1)k/2

[
n

k

]
q

×(ia)khn−k(sinhκr|q) (15a)

inqn
2/4 e−r

2/2
n∑
k=0

qk(k−n)
[
n

k

]
q

ck,n(q)

×(−ia)khn−k(sinhκr; a|q) (15b)

where the constantck,n(q) is equal to

ck,n(q) =
k∑

j=0

(q−k; q)j
(q; q)j q(n+j/2)j/2. (16)

Multiplying thus both sides of (11) by the factor(2π)−1 exp(isr − s2/2) and integrating
them over the variables within infinite limits by using first (15a) gives

1√
2π

∫ ∞
−∞

eisr−s2/2pn(sinκs; a, b, c, d|q) ds = e−r
2/2

n∑
k=0

Bn,k(q)hn(sinhκr|q). (17a)

Here the constantBn,k(q) is equal to

Bn,k(q) = ikqk
2/4

n−k∑
j=0

qj(j−1)/2

[
k + j
j

]
q

(−a)jAn,k+j (q). (18)

In the particular case when the parametersc = d = 0, the constantAn,k(q) reduces to

An,k(q) = q(n−k)(n−k−1)/2

[
n

k

]
q

(−b)n−k c = d = 0. (19)
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To verify (19), one needs to use in (12) a special case of the Chu–Vandermondeq-sum for
2φ1(q

−n, b; c; q, q) with a vanishing parameterb, that is

2φ1(q
−n, 0; c; q, q) = qn(n−1)/2 (−c)n

(c; q)n . (20)

Consequently, forc = d = 0 the Fourier–Gauss transform (17) reduces to that for the
Al-Salam–Chihara polynomials

1√
2π

∫ ∞
−∞

eisr−s2/2pn(sinκs; a, b|q) ds

= inqn
2/4 e−r

2/2
n∑
k=0

q3k2/4−(n+1)k/2

[
n

k

]
q

(ia)ksk(b/a; q)hn−k(sinhκr|q) (21)

derived in [10]. The Stielties–Wigert polynomialssk(z; q) in (21) are defined [2, 11] as

sn(z; q) =
n∑
k=0

[
n

k

]
q

qk(k−n)zk. (22)

In a manner similar to the derivation of (17), from (11) and (15b) it follows that one
can alternatively represent (17a) as

1√
2π

∫ ∞
−∞

eisr−s2/2pn(sinκs; a, b, c, d|q) ds = e−r
2/2

n∑
k=0

Dn,k(q)hk(sinhκr; a|q) (17b)

where the constantDn,k(q) is equal to

Dn,k(q) = ik
n−k∑
j=0

q(k−j)
2/4

[
k + j
j

]
q

aj cj,k+j (q)An,k+j (q) (23)

whereasAn,k(q) and cn,k(q) are given by (12) and (16), respectively. The Fourier–Gauss
transform (17b) enables one to represent its right-hand side in terms of the Askey–Wilson
q−1-polynomials [5, 6]

p̃n(x; a, b, c, d|q) := i−npn(ix; a, b, c, d|q−1). (24)

Indeed, from (13) and (24) it follows that

hn(x; a|q) =
n∑
k=0

ik−nA−1
n,k(q

−1)p̃k(x; a, b, c, d|q). (25)

Now substituting (25) in the right-hand side of (17b) gives

1√
2π

∫ ∞
−∞

eisr−s2/2pn(sinκs; a, b, c, d|q) ds = e−r
2/2

n∑
k=0

En,k(q)p̃k(sinhκr; a, b, c, d|q)

(17c)

where the constant

En,k(q) =
n−k∑
j=0

i−jDn,k+j (q)A−1
k+j,k(q

−1). (26)

Note that an explicit form of the constantA−1
n,k(q

−1), which enters the relations (25) and
(26), is readily obtained from (14) upon using the inversion formula

(a; q−1)n = q−n(n−1)/2(−a)n(a−1; q)n (27)



Letter to the Editor L819

with respect to the transformationq → q−1. In particular, whena = q−1 from (27) follows
that theq-binomial coefficient (10) enjoys the property[

n

k

]
q−1

= qk(k−n)
[
n

k

]
q

. (28)

To derive another pair of Fourier–Gauss transforms for the Askey–Wilson polynomials
(1) one may start with the inverse expansion with respect to (25). In (11) changex → ix
and transformq → q−1. Taking into account the definition (24), this results in

p̃n(x; a, b, c, d|q) =
n∑
k=0

ik−nAn,k(q−1)hk(x; a|q). (29)

The relation (29) can be combined with the Fourier–Gauss transforms for the bigq−1-Hermit
polynomials [9]

1√
2π

∫ ∞
−∞

eisr−s2/2hn(sinhκs; a|q) ds

= i−nq−n
2/4 e−r

2/2
n∑
k=0

qk
2/4+(1−n)k/2

[
n

k

]
q

(−a)kHn−k(sinκr|q) (30a)

= i−nq−n
2/4 e−r

2/2
n∑
k=0

ck,n(q
−1)

[
n

k

]
q

akHn−k(sinκr; a|q) (30b)

which are related to (15a) and (15b), respectively, by a replacement of the baseq → q−1

(i.e. κ → iκ). Multiplying thus both sides of (29) forx = sinhκx by the factor
(2π)−1/2 exp(−isr− s2/2) and integrating them over the variables within infinite limits by
using (30a) or (30b) gives

1√
2π

∫ ∞
−∞

e−isr−s2/2p̃n(sinhκs; a, b, c, d|q) ds = e−r
2/2

n∑
k=0

Mn,k(q)Hk(sinκr|q) (31a)

= e−r
2/2

n∑
k=0

Nn,k(q)Hk(sinκr; a|q) (31b)

where the constantsMn,k(q) andNn,k(q) are given by

Mn,k(q) = i−nq−k
2/4

n−k∑
j=0

q−j (j−1)/2−kj
[
k + j
j

]
q

(−a)jAn,k+j (q−1) (32a)

Nn,k(q) = i−n
n−k∑
j=0

q−(k+j)
2/4

[
k + j
j

]
q

ajAn,k+j (q−1)cj,k+j (q−1). (32b)

It remains only to employ the expansion (13) in the right-hand side of (31b) to obtain

1√
2π

∫ ∞
−∞

e−isr−s2/2p̃n(sinhκs; a, b, c, d|q) ds

= e−r
2/2

n∑
k=0

Rn,k(q)pk(sinκr; a, b, c, d|q). (31c)

Here, the constantRn,k(q) is equal to

Rn,k(q) = E−1
n,k(q) =

n−k∑
j=0

Nn,k+j (q)A−1
k+j,k(q). (33)
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The relations (17) and (31) thus provide explicit forms of the Fourier–Gauss transforms
for a hierarchy of the five-parameter Askey–Wilson polynomials (1), defined in terms of
the basic hypergeometric series4φ3. When two or three of the parametersa, b, c, d vanish,
they coincide with the Fourier–Gauss transforms for the Al-Salam–Chihara [10], and the
big q-Hermite [9] polynomials, respectively. In principle, one can use the same technique
for finding Fourier–Gauss transforms of more general families of basic hypergeometric
polynomials (for instance, at the8φ7-level), but their explicit forms become more and more
complicated as a number of the parameters increases.

Another interesting research direction is to find Fourier–Gauss transforms for the4φ3

biorthogonal rational functions of Al-Salam and Ismail [12, 13]. They depend on the same
number of parameters as the Askey–Wilson family (1). The lower level of the Al-Salam–
Ismail rational functions (that is, their particular case with the four vanishing parameters
a, b, c andd) corresponds to the Rogers–Szegö polynomials [14–16], which are related to
the Stieltjest–Wigert polynomials [2] through the classical Fourier–Gauss transform [?]. It
is of interest to find Fourier–Gauss transforms for the next levels of the Al-Salam–Ismail
family.

Discussions with B Berndt, F Leyvraz and K B Wolf are gratefully acknowledged. This
work was partially supported by the UNAM–DGAPA project IN106595.
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